







DERXW WKLV PRGHO DV FRUUHVSRQGLQJ WR UHDOLW\ 6RPH WH[WERRNV IRU VWXGHQWV
GLVFXVV WKLVPRGHORI%RKUEXWRQO\DVDFXULRXVH[DPSOHRIDQ LQDGHTXDWH
PRGHOZKLFKFDQOHDGWRVRPHWUXHUHVXOWV>@
,Q WKLVSDSHU ,KRSHWRVKRZWKDW WKLVXQGHUVWDQGLQJKDVQRIRXQGDWLRQV ,W
VWHPV IURP VRPH P\VWLF DVVXPSWLRQ DERXW TXDQWXP SK\VLFV >@)RU
H[DPSOH WKH FRPSOHPHQWDULW\ SULQFLSOH SRVWXODWHG E\1LHOV%RKU >@ LQ 
DVVXPHV WKDW WKH ZDYHSDUWLFOH GXDOLW\ LV D SURSHUW\ RI D VLQJOH TXDQWXP
V\VWHP DQG WKHUHIRUH LWV WZR FRPSOHPHQWDU\ DVSHFWV FDQQRW EH PHDVXUHG
VLPXOWDQHRXVO\,QVRPHH[SHULPHQWVLQWHUIHUHQFHGLIIUDFWLRQZDYHSURSHUWLHV
DUHPDQLIHVWHGVRPHRWKHUH[SHULPHQWVSURYLGHHYLGHQFHIRUWKHFRUSXVFXODU
SURSHUWLHV RI TXDQWXPREMHFWV LPSXOVH HQHUJ\ ,W LV LPSRVVLEOH WR REVHUYH






































7KH ZDYHSDUWLFOH HOHFWURQ LV ERXQG WRJHWKHU ZLWK WKH ZDYHSDUWLFOH
SURWRQE\HOHFWURPDJQHWLFIRUFHV7KH\LQWHUIHUHDQGUHPDLQLQWKHLU SRWHQWLDO
ZHOOSRVLWLRQIRUHYHUOLNHFODVVLFDOSDUWLFOHVRQWKHVXUIDFHRIDOLTXLG>@7KH
ILHOG RI GH %URJOLH LV VR UHDO DQG WKLV UHDOLW\ LV VR VWURQJ WKDW WKH
HOHFWURPDJQHWLF IRUFHVFDQQRWGHVWUR\ WKLV LQWHUIHUHQFHDQG WKH ILHOGSDUWLFOH
HOHFWURQFDQQRWHPLWDSKRWRQVROLWRQ>@,QRUGHUWRH[SODLQWKHGHFD\RID
VWDWLRQDU\ VWDWH LW LV QHFHVVDU\ WR DVVXPH VRPH LQILQLWHO\ VPDOO H[WHUQDO
SHUWXUEDWLRQ ZKLFK ZRXOG GLVWXUE WKH H[DFW HTXDOLWLHV  DQG  DQG DIWHU
VRPHWLPHRIGHVWUXFWLYHLQWHUIHUHQFHSHUPLWWKHWUDQVLWLRQWRORZHUVWDWHV2QO\
WKH JURXQG VWDWH pi U

 λ1 Q  FDQ QRW EH GLVWXUEHG E\ D LQILQLWHO\ VPDOO
SHUWXUEDWLRQ EHFDXVH WKH ILHOGSDUWLFOH FDQ QRW EH GHVWUR\HG Q FDQ QRW EH
VPDOOHUWKDQ,QWKLVFDVHRQO\LIWKHSHUWXUEDWLRQHQHUJ\LVVXIILFLHQWO\JUHDW
WKH HOHFWURQ FDQ PDNH D WUDQVLWLRQ IURP WKH JURXQG WR WKH XSSHU OHYHOV
DEVRUSWLRQ RQO\ >@ ([FLWHG E\ VRPH HQHUJ\ WKH HOHFWURQ FDQ UDQGRPO\
RFFXU DW DQ\ GLVWDQFH rni DURXQG WKH H[DFW UDGLXV RI WKH VWDWLRQDU\ RUELW
2pi λr nni n≈ :HFDQLPDJLQHWKDWWKHZDYHSDUWLFOHHOHFWURQVHOILQWHUIHUHVDV
ORQJ DV WKHPLQLPD RI WKH ZDYH FRLQFLGH ZLWK WKHPD[LPD RI WKH SUHFHGHQW
ZDYHVWKLVPHDQVWKDW ( ) 02 =tD 'LVWKHDPSOLWXGHRIWKHLQWHUIHULQJHOHFWURQ
ZDYHV,QWKLVPRPHQWDWUDQVLWLRQRFFXUVDQGHQHUJ\LVHPLWWHG7KHJUHDWHU
WKH GLIIHUHQFH r rni n−  WKH VPDOOHU WKH WLPH QHFHVVDU\ IRU GHVWUXFWLYH
LQWHUIHUHQFH ,I r rni n− → WKH WLPH IRU GHVWUXFWLYH LQWHUIHUHQFHZRXOGEH YHU\
ORQJ>@,WVHHPVWKDWDOOSDUWLFOHVLQFOXGLQJSKRWRQV>@PXVWKDYH
D FKDUJHZKLFK , FDOO FKDUJH RI GH%URJOLH 7KLV FKDUJH FUHDWHV D
PRQRFKURPDWLF ZDYH ZLWK WKH OHQJWK RI WKH ZDYH RI GH %URJOLH
λ = ! / mv $VLWLVNQRZQDOORWKHUILHOGVFUHDWHGE\FKDUJHGSDUWLFOHV
ZKHQ PRYLQJ ZLWK FRQVWDQW YHORFLW\ Y FDQ EH UHSUHVHQWHG E\
PRQRFKURPDWLFZDYHVZLWKWKLVλ 
5HWXUQ WR %RKU
V DWRP DQG WKH UHDO ILHOGSDUWLFOH RI GH
%URJOLH ,Q  )LJ D VFKHPDWLF ZDYHSDUWLFOH LQ VRPH H[FLWHG VWDWH RI WKH



















VOLJKWO\ GLIIHUHQW SKDVH :LWK WLPH WKLV GLIIHUHQFH LQFUHDVHV DQG ZH FDQ
FDOFXODWHWKHPRPHQWZKHQWKHVXPRIWZRDPSOLWXGHVEHFRPHV]HURIRUWKH
ILUVW WLPH ,Q WKLVPRPHQW WKHHOHFWURQ LVQRWPRUH LQ WKHSRWHQWLDOZHOORI WKH
ZDYH OLNHFODVVLFDOSDUWLFOHV >@ZKHQ D 2 0= DQG LVDOORZHG WRFKDQJH LWV
SRVLWLRQ7KLVPRPHQWZLOOEHWKHWLPHRIOLIHRIWKLVH[FLWHGDWRP7KHVXPRI
WKH WZR DPSOLWXGHV RI GH%URJOLH
 ILHOG ' FDQ EH ZULWWHQ OLNH ZLWK FODVVLFDO
SDUWLFOHV>@





























 ( ) ( )ttD ωω sin1sin +−=
ZKLFK LV WKHVXPRIGH%URJOLH




















































$VXVXDOZHPXVWILQGWKHPRPHQWWZKHQ D 2 0= WKHHOHFWURQLVQRWLQ
WKHSRWHQWLDOZHOORILWVZDYH
 ( ) ( ) 0sin1sin 22 =+−= ttD ωω
+HQFH
 ( ) ( )tt ωω sin1sin −=−
RU
































$VLWLVVHHQZKHQω ωn RU∆ω WKHWLPHLVW→∞DVLWVKRXOGEHIRU
D VWDWLRQDU\ VWDWH )RU ∆ωωn  WKH H[SUHVVLRQ IR U WKH WLPH  LV
















WKH HQHUJ\ RI WKH GLIIHUHQW H[FLWHG VWDWHV FDQ EH H[SUHVVHG WKURXJK WKH
5\GEHUJFRQVWDQW57KXVWKHOLIHWLPHRIHDFKVLQJOHH[FLWHGK\GURJHQDWRP
















,QWKHFDVHZKHQn E R2∆ << WKHFXELFURRWFDQEHH[SDQGHGLQDVHULHV

























&RQFOXVLRQV 7KHVH UHVXOWV VKRZ WKDW LI RQH DFFHSWV GH %URJOLH
V
DVVHUWLRQ DERXW WKH UHDOLW\ RI WKH XQLWDU\ ZDYHSDUWLFOH WKH H[FLWHG VLQJOH
K\GURJHQ DWRP GHFD\V DIWHU H[FLWDWLRQ LQ DQ H[DFWO\ SUHGLFWDEOHPRPHQW 
WKLV PRPHQW GHSHQGV XSRQ WKH VPDOO HQHUJ\ GLIIHUHQFH ∆E  EHWZHHQ WKH
VWDWLRQDU\HQHUJ\OHYHODQGWKHLQGLYLGXDOH[FLWDWLRQHQHUJ\7KHPHDQOLIHWLPHτn 
LV D FKDUDFWHULVWLF RQO\ RI D VWDWLVWLFDO HQVHPEOH RI H[FLWHG DWRPV 7KH
FRPSOHPHQWDULW\SULQFLSOHLVQRWQHFHVVDU\DQGWKHVWDWLVWLFDOLQWHUSUHWDWLRQRI
TXDQWXP PHFKDQLFV VKRXOG EH DSSOLHG RQO\ WR HQVHPEOHV RI DWRPV 7KH





























>@ ( + :LFKPDQQ 48$1780 3+<6,&6 %(5.(/(< 3+<6,&6
&2856( 5XVVLDQ (G 1$8.$ 0RVNYD >@ 0DULH&KULVWLQH
&RPERXULHX +HOPXW 5DXFK )RXQGDWLRQV RI 3K\VLFV 9RO 1R 





>@ 3 .DPHQRY 1XRYR &LPHQWR '  QRY   >@ 3
.DPHQRY 1DWXUH 3K\V6FL Y   >@ $ $ 5DG]LJ % 0
6PLUQRY 3DUDPHWUL DWRPRY L DWRPQLK LRQRY 'DWD (1(5*2$720,='$7
0RVNYDLQ5XVVLDQ
)DFXOW\RI3K\VLFV
6RILD8QLYHUVLW\
6RILD%XOJDULD
